
Hence

Hgh ( Cont ") z din - In
.

so

⇒ jfhfo , ah ) > 0 .

He,

§ 3.5 . Hausdorff dimension .

Def . Let AE IR
"

. Define

dim
,
A = sup { Sto : DTA ) > o }
= if { szo : HIA) - o }

We call it the Hausdorff dimension .

Facts : as If ACB
,
then dim

"As dim, B

e, If A = Ui
,
Ai with A

,
Ai beng

Borel
,
then

dim,
A = siup dim,

A ;



Def . A function fi Ae IR
"

→ IR
" is said to

be Holden continuous with exponent d if
7- M > o such that

***) Ifan - for , I s m . Ix - yl ?
for all x, y c- A .

If 2=1
,
then we call f is Lipschitz continuous.

Prop 3.11 . Let fi Ae IR"→ IR
" be Hilder Cts

with exponent 2 ,

and const M as in (*** I
.

Then for S Zo ,

jf% ( fats) E M
%

. that
.

As a consequence, chimp, FCA) E dimh A 122 .



Let s Zo
.

Pf . Let 8 > o
.

Let s > o
.

Pick a 8 - cover { Cj } of A such that

§ IGT e tf:(A) te

Then If Kj ) H E M . I G- Hd by the

Hilder cty assumption on f .

Hence

§ Heist
%
e E m%.4gpy%
= Ej Ms

"
. fits

⇐ Msk . (Hgs caste )
But #G)Jj! is a M - sa- cover
of f- ( Al

.



Hen.

µ!!! ( fat ,) e Ms" -(Hgs caste) .

Letting s → o
,

then letting Go , gives

Hsh ( fats) E M
" HEA)

.

EA

Example# : Let f : to , 11 → IR be a Lipschitz . function
with lip constant M .

That is
,

(fan - fcs , l E M Ix - yl
,
t x , y t [ o , it .

Let Gg = { ( x , fan ) : XE Eo , I } e IR?
Then

is H'T Gf ) e NE .

So dingy Gf = I
.



Pf . Define g :[ 0,11 → Gf EIR
'

by

ox to Gc , fan )
.

Then

1gal - gcnf-NCEtffxi-fc.TT
⇐ im Ix -yl

.

Applying Prop 3.11,

H'"' ( gleans) e final
"
? Hyeon. )

⇒ H' ( G-f) E NEH .

To see the other direction
,
notice that

g-
'
: Gf → [ 0,11

,
(x , fan ) ↳ x

.

Then I g- ' cu ) - g- 'cu , I E tu - ul
,
t UNE Gf
( check it !)

Henle by Prop 3.11, ( letting 5=1
,
2=1 )



H
" ( 5k Gfs ) e ng . H'T Gs )

That is
, ⇐ Nyco , it ) s H'( Gt ) .

FA

Example 2
. Let C be the middle - third

Cantor set . Find chimp, C .

I

solution : g
o

-

fifty.to" y
in a

basic.int:* .
H ti H H basic interval

µ of order 2
length ⑤5

.

C n -
-
- -

N -
-
,

-

From the construction of C, we see that for any neat,
C can be covered by 2

"

many basic intervals of order n
Each such interval has length 3-

h

.

Hehe jfsgn (c) s I. ( 3-79=2
"

. g-
ns



= zh (
t - S - 4083/1og z ) )

,

Letting s = 1082/1%3 gives

µ
";7n' 083 ( c ) E l

.

⇒ µ
10841083 (c ) s 1

.

We claim that H
""1083 ( C ) so .

(outline ) : Let µ be the Cantor measure,

i.e
. fu is a prob . measure supported on C

such that µ(I ) = In for any basic interval
I of order n .

Notice that any interval [a ,b1 with lengthen
between

.

5" and 5h intersects at most 2

basic intervals of order nn
.

a b

f-I

'

F
' '

F
'

Hence he( [ a. BI ) E z . In
.
= z z

- 494183) h

= 2 . ( z
- h

)
194193



E 2 . (z ( b - al) 174183

It follows that I a constant c > o such that

µ(Ea , b1 ) ed . (b - ay
↳ 41083

.

-

****)

Let { Ai } be a 8- cover of C
.

Let a
.
- = Inf Ai , bi -- sup Ai

Then { [ ai, bit } is a S - coven of C
with § tails = F. I bi - ails

Let s = log 2110g 3 .
Then

F. tails = § Ibi
-ails

Z T F H ( [ ai.biz ) fusing ****)
> ta te ( C ) z at .

Hence Hgs (c ) z dt ,
ht 820

Letty s → o gives Hsc c) IoT > o
.


